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1. Introduction 



Since the quantum deformations became a subject of intensive investigations 
many (algebraic and geometric) structures and different representations of quantum 
(super-) groups liave been obtained and understood. For instance, tlie quantum al- 
gebra Uq[sl{2)] is very well studied Originated from intensive investigations on 
the quantum inverse scattering method and the Yang-Baxter equations, the quan- 
tum groups have found various applications in theoretical physics and mathematics 
(see in this context, for example, Refs. ^~^^). As in the non-deformed case for 
applications of quantum groups we often need their explicit representations. Be- 
ing a subject of many investigations, representations of quantum groups, especially 
representations of quantum superalgebras are presently under development. How- 
ever, although the progress in this direction is remarkable the problem is still far 
from being satisfactorily solved. Explicit representations arc known only for quan- 
tum Lie superalgebras of lower ranks and of particular types like Ug[osp{l/2)] 
Uq[gl{l/ri)] etc.. For higher rank quantum Lie superalgebras ^^-is^ besides some 
q-oscillator representations which are most popular among those constructed, we do 
not know so much about other representations, in particular the finite-dimensional 
ones. Some general aspects and module structures of finite-dimensional representa- 
tions of Ug[gl{m/n)] are considered in Ref. (see also Ref. ^^) but without their 
explicit constructions. So the question concerning an explicit construction of finite- 
dimensional representations of Uq[gl{m/n)] is still unsolved for m and n > 2. 

Here, extending the method developed by Kac in the case of Lie superalgebras 
(from now on, only superalgebras) we shall construct all finite-dimensional represen- 
tations of the quantum Lie superalgebra Ug[gl{2/2)] at generic q, i.e. q is not a root 
of unity. It turns out that the finite-dimensional Uq[gl{2 /2)]-modu\es have similar 
structures to that of the non-deformed ones and are decomposed into finite- 
dimensional irreducible Ug[gl{2) © 5f/(2)]-modules. Finite-dimensional Ug[gl{2/2)]- 
modules can be classified again as typical or atypical ones (see the Proposition 2). 
In the frame-work of this paper for the sake of simplicity we shall consider only the 
typical representations at generic q. When g is a root of unity, as emphasized also 



in the structures of ?7q[(7/(2/2)]-modules are drastically different in comparison 
with the structures of (?/(2/2)-modules 20,21^ rjj^g present investigation on typical 
representations at generic q is easily extended on atypical representations at generic 
q and finite-dimensional representations at q being a root of unity 

The paper is organized as follows. In order to make the present construction 
clear, in the section 2 we expose some introductory concepts and basic definitions 
of quantum superalgebras, especially Uq[gl{'m/n)]. We also describe briefly the pro- 
cedure used for constructing finite-dimensional representations of Ug[gl{'m/n)]. The 
quantum superalgebra Uq[gl{2/2)] is defined in section 3. The section 4 is devoted 
to construction of finite-dimensional representations of Uq[gl(2/2)]. Some comments 
and the conclusion are made in the section 5, while the references are given in the 
last section 6. 

For a convenient reading we shall keep as many as possible the abbreviations 
and notations used in Ref. ^° among the following ones: 

fidirmod(s) - finite-dimensional irreducible module (s), 
GZ basis - Gel'fand-Zetlin basis, 
lin.env.{X} - linear envelope of X, 
q - the deformation parameter, 

Vi' (g) - tensor product between two hnear spaces VJ^ and 
or a tensor product between a Uq[gl (2) i]-module Vi 

and a Uq[gl{2)r]-modvle V^, 

T'^ Vq - tensor product between two Uq[gl{2) ® g'Z(2)]-modules 
r« and V^f, 

[^]q ~ '^qlq-i ) whcrc X IS somc number or operator, 
[x] = [X]q2, 

[E, F} - supercommutator between E and F, 

[E, F]q = EF — qFE - q-deformed commutator between E and F, 



aij - an element of the Cartan matrix (aij), 

Qi — where di are rational numbers such that 
didij — djdji, i,j — 1, 2, r, 

Note that we must not confuse the quantum deformation [x] = [x]g2 of x with the 
highest weight (signature) [m] in the GZ basis (m) or with the notation [ , ] for 
commutators. 

2. Some introductory concepts of quantum superalgebras 

Let ghc a rank r (semi-) simple supcralgcbra, for example, sl{m/n) or osp{m/n). 
The quantum superalgcbra Uq{g) as a quantum deformation (q-deformation) of the 
universal enveloping algebra U {g) of g, is completely defined by the Cartan-Chevalley 
canonical generators hi, Cj and fi, i — 1,2, ...,r which satisfy '^^"''-'^ 

a) the quantum Cartan-Kac supercommutation relations 

[hi,hj]= 0, 

[hi, 6j] — dijCj, 
[hi, fj] — ~0'ijfj, 

[eiJj}= ^iAHqj^ (2-1) 

b) the quantum Serre relations 

{adqSif-'^'^Ej = 0, 

{adqTif-'^'^Tj = (2.2) 

where {ciij) is a matrix obtained from the non-symmetric Cartan matrix {aij) by 
replacing the strictly positive elements in the rows with on the diagonal entry by 
— 1, while adq is the q-deformed adjoint operator given by the formula (2.8) 

and 



c) the quantum extra-Serre relations (for g being sl{m/n) or osp{m/n)) 

{[fm-1, /m]q2, [fm, /m+llqz} = 0, (2.3) 

being additional constraints on the unique odd Chevalley generators and In 
the above formulas we denoted = q'* where di are rational numbers symmetrizing 
the Cartan matrix dittij — djUji, 1 < i, j < r. For example, in case g — sl{m/n) we 
have 

{1 if 1 < i < m, 
(2.4) 
— 1 if m+l<i<r = m + n— 1. 

The above-defined quantum superalgebras form a subclass of a special class of 

Hopf algebras called by Drinfel'd quasitriangular Hopf algebras ^. They are endowed 

with a Hopf algebra structure given by the following additional maps: 

a) coproduct A : U —>■ U ® U 



b) antipode S : U ^ U 



u®u 




A(l) 








A{e,i)=ei(g)q'l^ + q^''^ (g)ei, 






(2.5) 


U 




S{1) = 1, 




S{hi)^ -hi, 




S{ei) = -qT'Ci, 






(2.6) 



and 



c) counit e : U ^ C 



6{1) = 1, 

eihi) = eia) = e{fi) = 0, (2.7) 

Then the quantum adjoint operator adq has the following form ^^'^^ 

adg = {i^L^ I^R){id^ S)A (2.8) 

with /iL (respectively, /ir) being the left (respectively, right) multiplication: iiL{x)y — 
xy (respectively, iJiR{x)y — (^—l^^ax.degyy^y 

A quantum superalgebra Uq[gl{m/n)] is generated by the generators kf^ = qf^", 
Cj = Ejj^i and fj = Ej+ij, i — 1,2, m + n, j — 1, 2, m + n — 1 such that the 
following relations hold (cf. Refs. ^^'^^) 

a) the super-commutation relations 

J. I, — J, J, I. 1,-1 — h''^h — 1 

njj^njj — rtjrtj , iviiv^ — rt^ rt^ — ± , 

[(^iJj) = ^lAHql^ where gf' = KK+i^ (2-9) 

b) the Serre relations (2.2) taking now the explicit forms 

Cj] = [fi, fj] = 0, if |i - j| 7^ 1, 

[Cj, [Cj, ej]g±2]gT2 = [fi, [fi, /j]q±2]qT2 = 0, if \i - j\ = l (2.10) 

and 

c) the extra-Serre relations (2.3) 

{[fm-l, fm]q^Afm, fm+l]q^} =0. (2.11) 

Here, besides di, l<i<r — m-\-n — 1 given in (2.4) we introduced dm+n — 
The Hopf structure on ki looks as 



A{ki) = ki® ki, 
S{ki) — kj^ , 

e(h) = 1. (2.12) 

The generators En, -Bj^j+i and -Bj+i,! together with the generators defined in the 
following way 

Eij := [EikEkj]q-2 = EikEkj — q~'^EkjEik, i < k < j, 

Eji [EjkEki\q2 = EjkEki — q'^EkiEj^, i < k < j, (2-13) 

play an analogous role as the Weyl generators e^-, 

(eij)w = SikSji, (2.14) 

of the superalgebra gl{m/n) whose universal enveloping algebra U[gl{m/n)\ repre- 
sents a classical limit of Uq[gl{m/n)] when q ^ 1. 

The quantum algebra Uq[gl{m/n)(^ = Uq[gl{m) ® gl{n)\ generated by /cj, Sj and 
/j, i = 1, 2, m + n, m 7^ J = 1, 2, m + n — 1, 

Uq[gl{m/n)Q\ — lin.env.{Eij^ 1 <i,j <m and m + 1 < i, j < m + n} (2.15) 

is an even subalgebra of Uq[gl{m/n)\. Note that Uq[gl{m/ 71)0] is included in the 
largest even subalgebra Uq[gl{m/n)\Q containing all elements of Uq[gl{m/n)\ with 
even powers of the odd generators. 

As is shown by M. Rosso and C. Lusztig a finite-dimensional represen- 
tation of a Lie algebra g can be deformed to a finite-dimensional representation 
of its quantum analogue Uq{g). In particular, finite-dimensional representations 
of Uq[gl{m) © gl{n)] are quantum deformations of those of gl{m) © gl{n). Hence, 
a finite-dimensional irreducible representation of Uq[gl{m) © gl{n)\ is again high- 
est weight. Following the classical procedure we can construct representa- 
tions of Uq[gl{m/n)\ induced from finite-dimensional irreducible representations of 
Uq[gl{m) ® gl{n)] which, as we can see from (2.9-11) and (2.15), is the stability 
subalgebra of Uq[gl{m/n)]. Let Vq{A) be a Uq[gl{m) © (7/(n)]-fidirmod characterized 



by some highest weight A. For a basis of Vo'(A) we can choose the Gel'fand-Zethn 
(GZ) tableaux since the latter arc invariant under the quantum deformations 
28,29,31,32 xhcrcforc, the highest weight A is described again by the first row of the 
GZ tableaux called from now on as the GZ (basis) vectors. 

Demanding 

Era,ra+lVo\^) = e^K)'(A) = (2.16) 

i.e. 

U,{A^)VS{K) = (2.17) 
we turn Vq{A.) into a t/g(i?)-module, where 

A+ = {EijW l<i<m<j<m + n} (2.18) 

B^A+® gl{m) © gl{n) (2.19) 

The Uq[gl{m/n)] -module induced from the Uq[gl{m) ® gl{n)]-modu\e Vq{A) is 
the factor-space 

W'^ = W^iA) = [Ug ® Vo'{A)]/I''{A) (2.20) 
where Uq = Uq[gl{m/n)], while /*(A) is the subspace 

/''(A) = lin.env.{ub ®v-u® bv\\ u e Uq, be Uq{B) C Uq, v e V^{A)} (2.21) 

In order to complete the present section let us note that the modules W^'^(A) and 
Vo^(A) have one and the same highest vector. Therefore, they are characterized by 
one and the same highest weight A. 

S.U[gl{2/2)]U[gl{2/2)]The quantum superalgebra Uq[gl{2/2)] 

The quantum superalgebra Uq = Uq[gl{2/2)] is generated by the generators E^, 
i = 1,2,3,4, Ei2 = ei, E23 = 62, -E34 = 63, £^21 = /i, -E32 = /2 and £^43 = fa 
satisfying the relations (2.9-11) which now read 

a) the super-commutation relations {1 < i,i + 1, j, j + 1 < 4): 
[Eii, Ejj] — 0, 



[Eii,Ej+ij] = {Sij+i - Sij)Ej+ij, 

[Ei,i+i,Ej+ij}— 5ij[hi\q2, hi — {Eii — ^^Ei+i^i+i), (3.1) 
with di — d2 — —ds — —d^ — 1, 

b) the Serre-relations: 

[-^12,-^34] = [£^21,-^43] =0, 

-^23 ~ -^32 ~ 

[El2,Ei2\q2 — [E24:,Es4\q2 — 0, 

[E2l,E3i]q2 = [-E'42, -E43]g2 =0, (3.2) 

and 

c) the extra-Serre relations: 

{Ei3, E24} — 0, 

{^31,^421 = 0, (3.3) 

respectively. Here, for a further convenience, the operators 

Ei3 := [£"12, -E'23]q-2, 

-E'24 [E23, E34]q-2, 

E31 :— —[£'21, £'32)5-2, 

£42 := -[£32,£43]5-2- (3.4) 

and the operators composed in the following way 

Eli'.— [£12, [£23, -E'34]g-2]g-2 = [£12, -E'24]g-2, 

£41:= [£21, [£32, £43]g-2]g-2 = — [£21, £42]g-2 (3.5) 

are defined as new generators. The latter are odd and have vanishing squares. They, 
together with the Cartan-Chevalley generators, form a full system of q-analogues of 
the Weyl generators Cjj, 1 < i,i < 4, of the superalgebra gl(2/2) whose universal 
enveloping algebra U[gl{2/2)] is a classical hmit of Uq[gl{2/2)] when g ^ 1. Other 
commutation relations between E^j follow from the relations (3.1-3) and the defini- 



tions (3.4-5). 



The subalgebra t/g[c//(2/2)o] (c Uq[gl{2/2)]Q C Uq[gl{2/2)]) is even and isomor- 
phic to Uq[gl{2) © gl{2)\ = Uq[gl{2)] © Uq[gl{2)] which is completely defined by En, 
1 < i < 4:, Ei2, -B34, E21 and E43 

Uq[gl{2/2)o\ = lin.env.{Eij\\ i J ^ 1,2 and i,j = 3,4} (3.6) 

In order to distinguish two components of Uq[gl{2/2)Q] we set 

left Uq[gl{2)] = Uq[gl{2)i] := hn.env.{E,j\\ i,j = 1,2}, (3.7) 

right Uq[gl{2)] = Uq[gl{2)r] := Un.env.{Eij\\ t,j = 3,4}. (3.8) 

That means 

Uq[gl{2/2)o] = Uq[gl{2)i(Bgl{2)r]. (3.9) 

Let V^iA.) be a Uq[gl{2 /2)o]-Mirmod of the highest weight A. Thus can be 
decomposed into a tensor product 

y«(A) = v;^(AO®K'(A.), (3.10) 

between a Uq[gl{2)i]-iidiTmod V^^(A/) of a highest weight A; and a C/g[g'Z(2)r]-fidirmod 
y^^(Ar) of a highest weight A^, where A; and A^ are defined respectively as the left 
and right components of A : 

A=[A;,A,]. (3.11) 

4. Finite- dimensional representations of Uq[gl{2/2)] 

Here, we shall construct finite-dimensional representations of Ug[gl{2/2)] induced 
from finite-dimensional irreducible representations of t/g[(?/(2/2)o]. In the frame- 
work of the present paper we consider only typical representations of Uq[gl{2/2)] at 
generic q. Atypical representations at generic q and finite-dimensional representa- 
tions of Uq[gl{2/2)] at roots of unity are subjects of later pubhcations 



As mentioned earlier a fidirmod Vo'(A) of the quantum algebra ?7g [(7/(2/2)0] repre- 
sents a quantum deformation (q-deformation) of some fidirmod Vo(A) of the algebra 
gi/(2/2)o. Moreover, following the classical procedure we can construct Uq[gl{2/2)]- 
fidirmods induced from Uq[gl {2/ 2) o]-iidirm.ods. Setting 

- 0, (4.1) 

a f/q[(7/(2/2)]-module induced from the f/g[(7/(2/2)o]-fidirmod Vq, by the con- 
struction, is the factor-space (2.20) with m = n = 2 : 

W''{A) = [Uq®V,\A)]/I'i{A), (4.2) 

where 

7«(A) = lin.env.{ub v - u (S> bv\\ u e Uq, be Uq{B) G Uq, v e V^{A)} 

Uq{B) = lin.env.{Eij, £^23!! i,j = 1,2 and i,j — 3,4} (4.3) 
Any vector w from the module has the form 

w ^u(^v, u eUq, V eV^ (4.4) 
Then W is a t/g[5f/(2/2)]-module in the sense 

gw = g{u ®v)=gu®ve W (4.5) 
for g, u e Uq, w e and v e Vq. 

In the next two subsections we shall construct the bases of the module and 
find the explicit matrix elements for the typical representations of Uq[gl{2/2)]. 

4.1 The bases 

Since the GZ basis is invariant under the q-deformation, for a basis of a Uq[gl{2)]- 
fidirmod Vq we can choose 



mi2 m22 




[m] 


mil 




mil 



(4.6) 



where rriij are complex numbers such that mi2 — mu e Z+ and mn — m22 £ Z+. 

Under the actions of the ?7g[5'/(2)]-generators Eij, i,j = 1,2 the basis (4.6) transforms 
as follows 



E 



11 



22 



12 



mi2 m22 
mil 

mi2 m22 
mil 

mi2 m22 
mil 



= (iii + 1) 



E. 



21 



mi2 m22 
mil 



mi2 m22 
mil 



(/l2 + /22 - hi + 2) 



([^12 ~ ^ll][^ll ~ ^22]) 



mi2 m22 
mil 



1/2 



mi2 m22 
mil + 1 



= ([/l2-/ll + l][/ll-/22-l])'/' 

where — rriij — i ior i — 1,2 and = rriij — i + 2 for i = 3, 4. 



mi2 m22 
mil - 1 



(4.7) 



On the other hands, Vq is decomposed into the tensor product 



(4.8) 



where Vqi and Vq^. are a Uq[gl{2)i]- and a C/5[g'i(2)r]-fidirmods, respectively. There- 
fore, the GZ basis of Vq is the tensor product 



= im)i (m)r = (m) (4.9) 



mi3 m23 




^33 m43 




[m]i 




[m]r 


mil 




"7.31 




mil 




"^31 



between the GZ basis of Vqi spanned on the vectors {171)1 and the GZ basis of Vq 



0,r 



spanned on the vectors (m)^. Following the approach of Ref. and keeping the 
notations used there, we can represent the GZ basis (4.9) of Vq in the form 



mi3 m23 ^33 m43 

mil ^31 



[m]i [m]r 



mil rnsi 



(m) 



(4.10) 



Then, the highest weight A is given by the first row (signature) [mi3, m23, m33, m43] = 
[[m]i, [m]r] = [m] common for all the GZ basis vectors (4.10) of Vq: 



Vq' ^ Vq\A) = VQ\[m]) = ® K)!.(N.) 



(4.11) 



The explicit action of Uq[gl{2/2)Q] on Vo^([m]) follows directly from (4.7) and : 



go{m) = gQ,i{m)i ® {m)r + {m)i ® go,r{m)r 
for ^0 = 90,1 e gQ,r e Uq[gl{2/2)o] and (m) e V^{[m]). 



(4.12) 



The GZ basis vector 



77123 "^33 "^43 



mis "7-33 



^(M) 



(4.13) 



satisfying the conditions 



Eu{M) ^rriisiM), 7 = 1,2,3,4, 
Eu{M)= Eu{M) = 



(4.14) 



by definition, is the highest weight vector in Vo'([777]). Therefore, as in the classical 
case {q — 1) the highest weight [777] is nothing but an ordered set of the eigen values 
of the Cartan generators on the highest weight vector (M). The latter is also 
highest weight vector in ^^^([tti]) because of the condition (4.1). All other, i.e. 
lower weight, basis vectors of Vq can be obtained from the highest weight vector 
(M) through acting on the latter by monomials of definite powers of the lowering 
generators £^21 and £'43: 



(777) = 



[77711 - "^23]! ["^31 - "^43]! 



1/2 



[77713 - "723] ! [r77i3 - 777ii] ! [77733 - "^43] ! ["^33 " "^3l] ' , 



X(£2l) 



mi3— mil 



(i?43) 



"133-^131 



(4.15) 



where [77] 's are short hands of 



„2rt (7~2" 

g2 _ q-2 



(4.16) 



while 



[77]!=[1][2]...[77-1][77]. (4.17) 

Using (3.1-5) we can show that a q-analogue of the Poincare-Birkhoff-Witt the- 
orem holds (see also ^^) , namely Uq is a linear span of the elements of the form 



g = {Euf'iEs2y'iE^iY'{E42y% beUq{B), 9^ = 0,1, i = l,2,3,4. (4.18) 



\(?3 



Indeed, a right-ordered basis vector of Uq like 

where rji, 9i — 0, 1, ho e Uq[gl{2/2)Q], can be re-ordered and expressed through the 
vectors (4.18) which are more convenient for consulting the classical case in Refs. 
Taking into account the fact that VJ)^([m]) is a Uq{B)-module we have 

W^iim]) = lin.env.{{Euf'{Es2f^{E^,f'{E^2f^ v\\ v E V^', 9i, 64 = 0, 1}. 

(4.19) 

Consequently, the vectors 

\e1e2, es, 9^; (m)) := {Esif' {Es^f'iE^,)'' {E42f' ® (m), (4.20) 

all together span a basis of the module l^^([m]). We shall call this basis induced in 
order to distinguish it from the introduced later reduced basis and is more conve- 
nient for us to investigate the reducibleness of 14^'^([m]). 

The subspace consisting of 

1^1,^2,^3,^4) := (^3l)'n^32)'^(^4l)'^(^42)'* (4.21) 

can be considered as a f/g[5'/(2/2)o]-adjoint module (upto rescaling by ki in definite 
powers). The latter is 16-dimcnsional as begins from |0, 0,0,0) when V^j = and 
ends at |1, 1, 1, 1) when V^^ = 1. Therefore, Wi{[m]), as a t/g[^/(2/2)o]-module 

W^iim]) = (H), (4.19') 

is reducible and can be decomposed into 16 finite-dimensional irreducible Ug[gl{2/2)Q]- 
submodules V^{[m]k), k = 0,1, 15 : 

W%[m])=^V,^{[m],). (4.22) 

k=0 

Here, [m]^ = [mi2, m22, ?7i32, 777,42] a; are the local highest weights of the submodules 
in their GZ bases denoted now as 



mi2 m22 77732 77142 
77711 77131 



= {m)k. (4.23) 

k 



The highest weight [m]o = [m] of Vq being also the highest weight of is referred 
as a global highest weight. Wc call [m]k, k > 1 the local highest weights in the sense 
that they characterize only the submodules C as f/g[5'/(2/2)o]-fidirmods, 
while the global highest weight [m] characterizes the Uq[gl{2 /2)]-m.odule as the 
whole. In the same way we define the local highest weight vectors (M)^ in as 
those (m)fc satisfying the conditions (cf. (4.14)) 



Eii{M)k = mi2{M)k, i = l,2,3,4, 



(4.24) 



The highest weight vector (Af ) of Vq is also the global highest weight vector in 
for which the condition (see (4.1)) 



E23{M) = 
and the conditions (4.24) simultaneously hold. 



(4.25) 



Let us denote by the basis system spanned on the basis vectors (m)^ (4.23) 
in each V^{[m]). For a basis of W we can choose the union F* = \Jk=o ^1 
bases F^, namely, a basis vector of has to be identified with one of the vectors 
(m)fc, A; = 0, 1, 15. The basis F^ is referred as a {Uq[gl{2 /2)o]-) reduced basis. It is 
clear that every basis Ff, = Ffe([m]fc)^ is labelled by a local highest weight [m\k, while 
the basis F'' = F''([m]) is labelled by the global highest weight [m]. Going ahead, we 
modify the notation (4.23) for the basis vectors in F* as follows (see (3.54) in Ref. 

20 



mi3 m23 77143 
77112 "7.22 rn32 77742 
77711 77731 



77712 1^22 rn32 "^■42 
77711 r773i 



= (777)fe, (4.26) 



with k running from to 15 as for A; = we have to take into account 777^2 = rriiz, 
i = 1,2,3,4, i.e. 

r77i3 77723 "^33 ?7743 
r77i3 77723 "^33 "^43 
77711 77731 



(777)0 = (m) = 



(4.27) 



In (4.26) the first row [m] = [mis, 'm'23, ttiss, 777.43] being the (global) highest weight of 
is fixed for all the vectors in the whole and characterizes the module itself, 
while the second row is a (local) highest weight of some submodule and tells 
us that the considered basis vector {m)k of belongs to this submodule in the 
decomposition (4.22) corresponding to the branching rule Uq[gl{2/2)] D Uq[gl{2/2)o\. 



It is easy to see that the highest vectors (M)^ in the notation (4.26) are 



mis "723 rn^s 77743 

mi2 77722 77732 77742 
77712 77732 



k = 0,1, ...15. 



(4.28) 



The (global) highest weight vector (M) (4.13) is given now by 



(M) = 



77713 rn23 77733 "^43 
77713 77723 77733 77743 
77713 77733 



(4.29) 



Let us denote by {m)^^^' a GZ vector obtained from (777) ^ by replacing the element 
777ij of the latter by rriij ± 1. We can prove that the highest weight vectors {M)k 
expressed in terms of the induced basis (4.20) have the following explicit forms 

(M)o = ao|0,0,0,0;(M)), ao = I, 
(M)i = ai|0,l,0,0;(M)), 

(M)2 = 02(11, 0,0,0;(M)) + g^^[2r'/'|0,l,0,0;(M)-ii)}, 
(M)3 = a3{|0,0,0,l;(M))-g-^''-2[2n-'/'|0,l,0,0;(M)-3i)}, 
(M)4 = a4{|0,0,l,0;(M)) + ?^'[2r'/'|0,0,0,l;(M)-ii; 
-g-^''-2[2r]-V2|i, 0,0,0; (M^) 

(p/lp/'D-'/'lo, 1, 0, 0; (M)-"-^^)} , 
(M)5 = a5|0,l,0,l;(M)), 



(M)6 = a6{|l,0,0,l;(M)) + g-2|0,l,l,0;(M)) 



(M)n 

(M)i2 
(M)i3 
(M)i4 



+ ?-')[2r'/'|0,l,0,l;(M)-ii)}, 
a7 {|1, 0, 1, 0; (M)) + g^'[2r'/' 1, 0, 0, 1; (M)-'' 



V'"'[2/]"'/'|0, 1,1,0; (M)-" 

1/2 



-11-11 



-31 



31-31 



+ ([2/][2/-l])-^/^|0,l,0,l;(M) 
{M)s = a8|l,l,0,0;(M)), 
(M)9 = a9{|l,0,0,l;(M))-g2|o,l,l,0;(M)) 

-g-^''(g^ + g-^)[2/r^/^|l,l,0,0;(M)-^^)}, 
(M)io = aio {|0, 0,1,1; (M))-?-^''-^[2n-'/' |l, 0,0,1; (M)- 
+q-^''-^[2l']-'/^\0,l,l,0;{M)-^') 
+q-'^' {q' + q-^y^' ([2/'] [2/' - 1])-'/' |l, 1, 0, 0; (M) 
: an|l,l,0,l;(M)), 

: a^2 {|1, 1, 1, 0; (M)) + g^'[2r'/' |l, 1, 0, 1; (M)"!^)} , 
: ai3 {|0, 1, 1, 1; (M)) + g-^''-2[2n-'/' |l, 1, 0, 1; (M)-'')} , 
: ai4 {|1, 0, 1, 1; (M)) + g^'[2r'/' |o, 1, 1, 1; (M) 
+g-^''-2[2r]-V2|i,i,i,0;(M)-3i 
+g^'-^''-2([2/][2r])-^/^|l,l,0,l;(M)-^^-3^)}, 
(M)i5 = ai5|l,l,l,l;(M)), 



\-ii 



(4.30) 



where I — ^{mi3 — 11123) and I' — |(m33 — 77143), while Uk — ak{q) are coefficients 
depending on q. Indeed, {M)k given in (4.30) form a set of all hnear independent 

vectors satisfying the conditions (4.24). For a further convenience, let us rescale the 
coefficients as follows 



Oo = Co = 1 , 



as ^ q ^C8 



[o/'l 



1/2 



02 



03 = 



04 



05 



06 



07 



-9" 



[2/': 



[2/] ' 
[2/ + 1], 

\ 1/2 



1/2 



C2 , 



OlO 



'[2^-1]' 
.[2/' + l]. 



1/2 



ClO , 



C3 , 



• [2/][2n • 

,[2/ + l][2/'+l]. 



1/2 



C4 



On = g cii 



Ol2 



1/2 



9 C5 



(_m 



1/2 



V [2] [2^ + 2], 



C6 



Ol3 = 



Ol4 



V[2/ + i]y 

[2/'] 



Cl2 , 



Cl3 , 



j2/' + l], 
,[2/ + l][2/' + l]. 



1/2 



Cl4 , 



■[2/-1]' 



1/2 



C7, 



Ol5 



Cl5 , 



(4.31) 



V[2^ + l]. 

where Cfc = Cfc(g) are some other constants which may depend on q. Looking at 

(4.30) we easily identify the highest weights [m]k 

[m]o = [mi3, 17123, m33,m43\, 

[m]i = [mi3, m23 - 1, r"33 + 1, 77143], 

[77l]2 = ["7,13-1,^23,^33 + 1,77143], 

[777]3 = [77713, "^23 " 1, "^33, "^43 + 1], 

[777]4 = [r77i3 - 1,77723, ?7733,?7743 + 1], 

[777]5 = [77713, "^23 " 2, 77733 + 1, "^43 + 1], 

[777]6 = [77713 " 1, ?7723 " 1, ?7733 + 1, "^43 + 1]6, 

[777]7 = [77713 " 2, 77723, "^33 + 1, "^43 + 1], 

[777]8 = [77713-1,77723-1,^7733 + 2,77743], 

[777]9 = [77713 - 1, "^23 - 1, "^33 + 1, ^^^43 + 1]9, 

[777] 10 = [77713 - 1,77723 - 1,^7733,77743 + 2], 

[777] 11 = [77713 - 1, - 2, 77733 + 2, 77743 + 1], 

[777] 12 = [77713 - 2, 77723 - 1, m33 + 2, 77743 + 1], 

[777] 13 ^ [77713 - 1, m23 - 2, 77733 + 1, "^43 + 2], 

[777] 14 = [77713 - 2, 77723 - 1, ?7733 + 1, ?7743 + 2], 



Hl5 = 



[mi3 - 2, 17123 - 2, 77133 + 2, m43 + 2]. 



(4.32) 



In the latest formula (4.32), with the exception of [m]e and [m]g where a degenera- 
tion is present, wc skip the subscript k in the r.h.s.. The proofs of (4.30) and (4.32) 
follow from direct computations. 



Using the rule (4.15) which now reads 

/ [mil - rn22] ! [rrisi - 77242] ! 



1/2 



{m)^ 



[mi2 - m22]![mi2 - mn]! [77132 - 77742] ![m32 - ^31]!^ 



21; 



\mi2— mil 



(^43)"^^^-^^^^)^ 



(4.15') 



we can find all the basis vectors (m)k 



{'m)o 
(777)1 



|0, 0,0,0; (77i)), 



ci < q 



2{l'-p') ( [^13 - ^ll][^31 - ^43 - 1] 



1/2 



[2Z + 1][2Z' + 1] 



1,0, 0,0; (777) 



-11-31 



_Ji{-l+p+l'-p') ( [^11 ~ ^23] [^31 - ^43 - 1] 



1/2 



[2Z + l][2/' + l] 



0,1,0,0; (777) 



-31 



+ 



[/l3-^ll][^33-^31 + l] ' 

, [2/ + l][2/' + l] , 



1/2 



0,0, 1,0; (777) 



+11 



[m)2 



/ _«2a'-p') A^ll - ^23] [^31 - ^43 - 1] 

^ 1^ [2Z + 1][2Z' + 1] ) 

2{l+p+l'-p'+l) ( [^13 - ^11] [^31 - ^43 - 1] 

^ 1, [2/ + l][2/' + l] , 



1/2 



1,0,0,0; (777)+^^-^^ 

1/2 



0,1, 0,0; (777) 



-31 



'[/ll-/23][/33-/31 + l]^ 

, [2/ + l][2/' + l] ^ 



1/2 



0,0,1,0; (777) 



1/2 



-1-11 



^2(/+p+i) [ t^^^~/\^]i^^f^,7^^^^+^] ) |0, 0, 0, 1; (777)) ) , 



[2/ + l][2/' + l] 



{m)3 = C3<q 



.2(l'+p'+l) ( [^13 - ^11] [^33 - ^31 + 1] 

V [2Z + 1][2Z' + 1] , 



1/2 



1,0,0,0; (m) 



-1-11-31 



-2{l-p+l'+p'+l) ( Rll - ^23] R33 - ^31 + 1] ] 

^ V [2/ + l][2/' + l] ) 



1/2 



0,l,0,0;(m) 



-31 



■[/l3-/ll][/31-/43-l] 



1/2 



^ [2Z + 1][2Z' + 1] 

i{-i+p) ( [^11 ~ ^23] [hi - hs ~ 1] ^ ^ 



[m U 



+q 



C4 < -g 



0,0,1,0; {my 

[2/ -+1] [2/^ + 1] V |0'0'M;H)^ 



_2(r+p'+l) / [^11 - ^23] [^33 - ^31 + ^] ) 
V [2Z + l][2/' + l] j 

1/2 



1/2 



l,0,0,0;(m: 



,+11-31 



2{l+p-l'-p') ( Rl3 - ^11] [^33 - /3I + 1] 



[2/ + l][2/' + l] 



+ 



'[/ll-/23][/31-/43-l]^ 



1/2 



,2(/+p+l) 



"1)5 



_ 2(-/+p) 



[2/ + i][2/' + i] ; 

^[/l3-/ll][/31-/43-l]V^' 



[2/ + l][2/' + l] 



0,1,0,0; (m)-3i 
0,0,1,0; (m)+ii 

|0,0,0,l;(m))^ 



[/l3-/ll][/l3-/ll-l]^ 



1/2 



[2/ + i][2/ + 2] ; 

■[/l3-/ll][/ll-/23+l]\'^' 



l,0,l,0;(m) 



+11+11-31 



[2/ + l][2/ + 2] 



l,0,0,l;(m) 



+11-31 



2(-i+p-l) / [^13 - /ll][/ll - ^23 + 1] 



1/2 



[2/ + l][2/ + 2] 



0,l,l,0;(m) 



+11-31 



,2(-2i+2p-l) [ [^11 - ^23]Rll - ^23 + ^] ] 

V [2/ + l][2/ + 2] ) 



1/2 



0,l,0,l;(m) 



-31 



( \ I -2/ 2 , -2n / Rl3 - ^11 - 1][^11 - ^23 + 1]\ 

(mje = CQ{-q {q + q ){ roimnro? , 01 J 



1/2 



[2] [2/] [2/ + 2] 

2i-l^p)i[hl-l23]-q'^yh3-lu-l]) 



([2][2/][2/ + 2])^/^ 
2i-i^p-i)i\ln-k3]-q"^yh3-lu-l]) 



+q 
+q 



([2][2/][2/ + 2])^/' 



l,0,l,0;(m)+^^+^^-^^ 
l,0,0,l;(m)+i^-^^ 
0,l,l,0;(m)+^^-=^^ 



)g2(2p+l) f \l 



11 — ^23] [^13 ~ ^11] 



1/2 



V [2] [2/] [2/ + 2] 



0,l,0,l;(m) 



-31 



{m)7 = C7{q~ 



'[/ll-/23][/ll-/23 + l]^ 

[2/][2/ + l] 



1/2 



1,0,1,0; (m) 



+11+11-31 



+q 



2il+p+l) ( Rll - ^23]Rl3 - ^11 - 1] 

V [2/][2/ + l] ) 

■[/ll-/23][/l3-/ll-l]V^' 



1/2 



2{l+p) 



\m] 



+q 



C8 < q 



2(2l+2p+l) 



[2l][2l + l] J 

■[/l3-/ll][/l3-/ll-l]V^' 



[2/][2/ + l] 



l,0,0,l;(m)+i^-3i 
0,1,1,0; (m)+i^-3i 
0,l,0,l;(m)-3i 



1/2 



2(/'- 



1/2 



n^33-^31 + l][^33-^31 + 2] ' 
V [2l' + l][2l' + 2] ) 

V) / fe3-/31+2][/31-/43-l] \ 

V [2;' + i][2;' + 2] ) 

_ 2{l'-p'+l) ( [^33 - ^31 + 2] [/31 - ^43 - 1] 

^ V [2/' + l][2/' + 2] ) 

2(2i'-2p'+3) [ [hi - hs - 2] [/3I - /43 - 1] 

V [2/' + l][2/' + 2] 



0,0,l,l;(m) 



-11 



l,0,0,l;(m) 



+11-31 



1/2 



0,l,l,0;(m) 



+11-31 



1/2 



+q 



1,1,0,0; (m) 



+11-31-31 



1/2 



-q 



[2] [2/'] [2/' + 2] ; 

2ii'-p'){hy^h^ - 2] - g-^(''+^)[/33 - /31 + 1]) 



([2][2/'][2/' + 2])^/' 



0,0,l,l;(m)+i^ 
l,0,0,l;(m)+^i-3^ 



2{l 



'-p'+D ([/31-/43-2]-g-^(''+^)[/33-/31 + l]) 

([2][2/'][2/' + 2])'/' 
, 2(-2p'+l)/ 2 , -2^ ( [hi - Us - 2] [hs - hi + 2] \ 

^ ^ \^ [2] [2/'] [2/' + 2] y 



0,l,l,0;(m)+i^-^^ 

1/2 

1,1,0,0; {my- 



(m)io = cio < 



[^31 ~ ^43 ~ 2] [/31 — I43 — 1] 



1/2 



0,0,l,l;(m) 



+11 



_ 2{i'+p'+i) ( [hs - hi + 1] [^31 - ^43 - 2] 
^ V [2/'][2/' + l] 

-2{i'+p') ( [hi - hi + 1] [^31 - ^43 ~ 2] \ 



1/2 



l,0,0,l;(m) 



+11-31 



1/2 



r 0,l,l,0;(m) 
[2/'][2Z' + l] / , , , ,\ J 



N+ll-31 



+q 



(m)ii = cii 



-2(2/'+2p'-l) ( [hs - hi + 1] [^33 - ^31 + 2] 



1/2 



[2/'][2/' + l] 



l,l,0,0;(m) 



+11-31-31 



'[/l3-/ll-l][/33-/31+2]^ 

[2^ + l][2/' + l] 



1/2 



l,0,l,l;(m) 



+11+11-31 



_ 2{-i+p+i) ( [hi - + 1] R33 - ^31 + 2] \ 
^ V [2/ + l][2/' + l] ) 

'[h3-ln-l][ki-ks-2y 



-Q 



+q 



2{l'-p'+l) 



1/2 



1/2 



0,l,l,l;(m: 



[21 + l][2l' + 1] 



l,l,l,0;(m: 



1+11-31^ 



,+11+11-31-31 



2(-l+p+l'-p'+2) ( [hi - ks + 1][^31 - ^43 - 2] 

V [21 + l][2l' + 1] 



1/2 



l,l,0,l;(m 



,+11-31-31 



(m)i2 = C12 



^11 -^23 + l][^33 -^31 + 2]^ 

[2l + l][2l' + l] 



1/2 



l,0,l,l;(m: 



,+11+11-31 



2{l+p+2) ( [^13 - ^11 - 1][^33 - ^31 + 2] 



1/2 



2a'-p'+i) 



[2/ + i][2/' + i] ; 

' [/ll-/23 + l][/31-/43-2] \ 

[2/ + l][2/' + l] I 

2(/+p+/'-p'+3) / Rl3 - ^11 - l]fel - ^43 - 2] 

V [2/ + l][2/' + l] 



0,l,l,l;(m) 



+11-31 



1,1,1,0; (m) 



+11+11-31-31 



1/2 



l,l,0,l;(m) 



+11-31-31 



(m) 



13 



Cl3 < - 



'[/l3-/ll-l][/31-/43-2]' 

[2/ + l][2/' + l] 



1/2 



l,0,l,l;(m)+i^+^i-3i 



1/2 



2(-;+p+l) / [^11 - ^23 + 1] [^31 - ^43 ~ 2] \ 

[2/ + l][2/' + l] ) 

/^[/ l3-/ll-l][/33-/31+2] y/' 

[2/ + l][2/' + l] ) 

2(-;+p_;'-p'+i) / [^11 ~ ^23 + 1] [hz - hi + 2] 
V [2/ + l][2/' + l] 



0,l,l,l;(m) 



+11-31 



-2(/'+p') 



1,1,1,0; (m) 



+11+11-31-31 



1/2 



l,l,0,l;(m)+^™^ 



(m)i4 = Ci4 



'[/ll-/23 + l][/31-/43-2]^ 

[2/ + l][2/' + l] 



1/2 



l,0,l,l;(m) 



+11+11-31 



1/2 



1/2 



2(i+p+2) [^13 - ^11 - 1] [hi - hz ~ 2] \ 

V [2/+i][2/'+i] ; 

-2{l'+p') ( [hi - ks + 1][^33 - ^31 + 2] 

1, [2Z + l][2/' + l] 

2(/+p-/'-p'+2) [ [^13 - ^11 - 1][^33 - ^31 + 2] 

V [2l + l][2l' + l] 



0,l,l,l;(m) 



+11-31 



l,l,l,0;(m) 



+11+11-31-31 



1/2 



l,l,0,l;(m) 



-11-31-31 



(m)i5 = ci5 |1, 1, 1, 1; (m)) , 



(4.33) 



where I = |(mi3 - 77123), P = mn - |(777i3 + 77^23), i' = |("^33 - "^43) and p' = 



nT-si — 1(^33 +777.43). The latest formula (4.33), in fact, represents a way in which 
the reduced basis is expressed in terms of the induced basis and vas versa it is not 
a problem for us to find the invert relation between these bases (see the Appendix) . 



Taking into account all results obtained above we have proved the following as- 
sertion 

Proposition 1 : The Uq[gl{2 /2)]-m.odule is decomposed as a direct sum (4.22) of 
sixteen C/q[g'Z(2/2)o]-fidirmods V^, k — 0,1, 15, every one of which is characterized 
by a highest weight [777,]^ given in (4.32) and is spanned by a GZ basis {m)k given 
in (4.33). 

The decomposition (4.22) of ^^^([777]) = H^^( [77713, 77723, 77733, 777.43]) can be re- 
written in the form 



iy9([m]) = V(^o)([777i3, 77723, 77733, 77743]) 

mm(l,20 mm(l,2i') 

^(10) ( ["^13 "^23+7-1, 77733 + 77743 +j]) 

i=0 j=0 

min{2,2l) 

^(11) ([^13 - i, 77723 + « - 2, 77733 + 1, 77743 + 1]) 
i=0 

min(2,2l') 

^(20)(["^13 - 1> "^23 - 1, 77733 - J + 2, 77743 + j]) 

j=0 

min(1.2l) niin(1.2l') 

^(21) (["^13 - 7 - 1, 77723 + 7 - 2, 77733 " j + 2, 77743 + j + M) 

^(l2)([^13 - 2, 77723 ' 2, 77733 + 2, 77743 + 2]) (4.34) 



where y(ab)ib^]{ab)) is an alternative notation of that submodule ^^^([777]^) with 
[777] = [777] 

^('oo)(H(oo)) = ^('oo)(N) =Vo'{[m]), 



^(ii)(M(ii)) 

^(lo)(H(20)) 
^(ll)(M(21)) 
^(l2)(H(22)) 



Vi20)iHk)^Vi{[m]k), 8</c<10, 

^(l2)(Hl5) = Kl(Hl5)- 



(4.35) 



In a natural way we denote by {m)(^ab) the GZ basis of ^(a5)([^](a6))- Thus, the basis 
of VF^([m]) is spanned on the set of all possible patterns 



such that 



where 



[m 



){ab) 



m23 mas 77143 

77112 "T.32 77742 

77711 77731 



a,be {0,1,2} 



J(a6) 



77712 
"722 
"732 
77742 



77713 - r - 0{a - 2) - e{b - 2) + 1, 
m23 + r-e(a-l)-e(b-l)-l, 

+ a - s + 1, 

+ b + s — 1, 



s — 



1, 1 + min{a — b, 21'), 
l,...,l + min{{a) + (b) ,21), 



(4.36) 



(4.37) 



(4.38) 



and 



e{x) 



1 if x>0, 
if X <0 



(4.39) 



1 /or odd i, 
/or e7;e77 i 



(4.40) 



4.2. Typical representations 



The 2/2)] -module constructed is either irreducible or indecomposable. 

We can verify that 

Proposition 2 : The induced C/g[g'Z(2/2)]-module is irreducible if and only if the 
following condition holds 

[hs + I33 + 3] [ll3 + k3 + 3] [^23 + ^33 + 3] [^23 + ^43 + 3] ^ 0. (4.41) 

In this case we say that the module is typical, otherwise it is called atypical. 

The proof of the latter proposition follows the one for the classical case considered 
in Ref. (cf. Ref. ^^). Indeed, by the same argument we can conclude that is 
irreducible if and only if 

^24^14^23^13^31^32^41^42 ® (M) 7^ 0. (4.42) 

The latest condition (4.42) in turn can be proved, after some elementary calculations, 
to be equivalent to 

[Eu + ^33 + 1] [^11 + ^44] [^22 + ^33] [^22 + ^44 " 1] (M) ^ 0, (4.42') 

which is nothing but the condition (4.41). 

Since Uq[gl{2/2)] is generated by the even generators and the odd Chevalley 
generators £^23 and £'32, any its representations in some basis is completely defined 
by the actions of these generators on the same basis. In the case of the typical 
representations the matrix elements of the generators in the reduced basis (4.33) 
can be obtained by keeping the conditions (4.1) and (4.41) valid and using the 
relations (3.1-5). For the even generators we readily have 

Eii{m)k = {hi + l){m)k, 

E22{m)k = (^12 + ^22 - ^11 + 2)(m)jfc, 

E2i{m)k = {[Ii2-hi + l][lii-l22-l]f'{m)^'\ 

E33{m)k = {ki + l){m)k, 



E^3{m)k = (^32 + ^42 - ^31 + 2)(m)fc, 
^34(m)fc = ([/32-/3l][/31-/42])'/'(m)f\ 

E43{m)k = ([/32-^31 + l][^31-i42-l])'/'M^=^^ (4.43) 



As the computations on finding the matrix elements of £^23 and £^32 are too 
cumbersome, we shall write down here only the final results. If we assume the 
formal notation 

[xi]...[xi] [|xi|]...[|a;i|] ^^^^^ 



[2/1] •••[%•] 



[|xi|]...[|a;i 



the generator £^23 acts on the basis vectors (m)^^^), i.e. on (m)^, as follows 



E23{rh){io) 

E23{rh)(ab) 



0, 



-q ^R3-r,3 + W2,3 + 3] 



[^3-r,3 — ^ll][^5-s,3 — hi + 1] 



[^13 — ^23][^33 — ^43] 

min{2,b—r+3) min(4,b+s+2) 

q " (-l)(^-i)^+H-'+i) 

i=max{l,b—r+2) j=max{3,b+s+l) 



1/2 



\''''){00) ' 



,-2 



x[li3 + lj3 + {s) - (r) + 3] 



X 



X 



[/i2-/ll + l][/7-j,2-/31 + l] 



[^12 — ^22] [^32 — ^42] 
lj2 - h-j,2 - (S) + 1] 



1/2 



[h2 - l3-i,2 + (r) - 1] 



6/2 



[2-(r)][/,3-/3-.3 + (-l)1 

(l-fe)/2 



2 4 



E23irh)(2i) = 



i=l j=3 {s+j)<k=0,l<(r+i) 

X [h3 + lj3 - {-if (i + i + s + r) + 3] 

- Ill + l][/7-,,2 - /31 + 1] [lr2 - k2 + 2A; - 2] 



X 



X 



(■12 



[^12 — ^22][^32 — ^42] 

[^5-s,2 — lj2 + 2A;] ^ 



[2-fc][/i3-/23] 



[1 + A;] 1/33-/43] 



l"^J{i+fc,i-fc) ' 



£^23(m)(22) = g-'EE(-l)'+^[/^3 + /,3 + 3] 
i=l 3=3 



X 



fe-ill-l]R7-i,3-^31 + 3] 



[^13 — ^23][^33 — ^43] 



1/2 



(4.45) 



while the generator £'32 has the following matrix elements 

1/2 



^32(r«)(io) 



E32 {'rh) (22) 



i=l j=3 



[ll3 — ^23][^33 — ^43] 



[m, 



-i2+i2+31 
(10) 



2 4 



q^J2Yl J2 (^_iY^-k)i+kU+i) 

i=l j=3 {r+i)<k=0,l<{s+j) 



X 



X 



[k2 — hi] [h~j,2 — hi] 



[h2 — ^221^32 ~ ^42] 
[h-j,3 - /j3 + 2k-l] 



1/2 



[/3-i,3 - ks + 2k-l] 



[l + A;][/i3-/23] 



{i+r+l)/2 



['2-k][h3-h3] 



{'''') (2-k,k) ' 



E32{rh)(ab) = -q 



X 



X 



min{2,r—b+l) min{4,6—b—s) 

i=max{l,i — 6) j=max{3,b—b—s) 
1/2 



[/^2-/ll][/7-,,2-/3l] 



[^12 — ^22][^32 — ^42] 



f/,2 - h-,.2 (/•) + 11 



[2-mk3-h-i,3-{-m 



b/2 



[h2 - h-j,2 + (S) - 1] 



(l-6)/2 



[2-(.)][/,3-/7-,,3 + (-l)1 

[hs — hi — 1] [^s+2,3 — ^31 + 2] ' ^ 



r+s 



[hs — ^23] [^33 — ^43] 



[m, 



-r2+j2+31 
(22) 



0. 



where {m)(^ab) are obtained from (m)(ab) by rescaling 



(7fi)fe = — (m)fe, A; = 0, 1, 15 

Ck 



, j = 5-s, 



(4.46) 



(4.47) 



5. Conclusion 



In this work we have constructed all typical representations of the quantum su- 
peralgebras Uq[gl{2/2)] at the generic q leaving the coefficients (see (4.30-31)) 
as free parameters. The latter can be fixed by some additional conditions , for ex- 
ample the hermiticity condition. The quantum typical C/q[5'/(2/2)]-module Vr'^([m]) 



obtained has the same structure as the classical g'/(2/2)-module (the module W 
in Rcf. ^'^) and can be decomposed into sixteen f/g[5'/(2/2)o]-fidirmods V^{[m]k), 
k = 0,1, 15. In general, the method used here is similar to that one of Ref. 
It is not difficult for us to see that for 

Cjfc = 1, A; = 0, 1, .., 15, 

we obtain at g = 1 the classical results given in Refs. ^'^ (see also Ref. ^^). However, 
unlike the latter our approach in this paper avoids the use of the Clebsch-Gordan 
coefficients which are not always known for higher rank (quantum and classical) 
algebras. We hope that the present approach can be applied for larger quantum 
superalgebras. Following the classical programme we can construct atypical 
representations of Uq[gl{2/2)] at generic q Moreover, an extension of the present 
investigations on the case when g is a root of unity is also possible 
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Appendix 



The induced basis (4.20) is expressed in terms of the reduced basis through the 
following invert relation 

1,0.0.0; w> = {;j;«-''--'( "7,;:^,^ii'-'"' )"wr"--- 

^ «2(-Hp) ( [hi - I23 - 1][^31 - ^43] ^ . x_ii+3i 

"^^ V [2l + l][2l' + l] ) ^"^^^ 



+ 



1^2(«+p+i) / [^13 - hi + 1] [I33 - hi] \ ^''^ ( . 



-11+31 



V [2/ + l][2/' + l] y 

_ 1 ^2H+p) n^ll ~ h3 - 1]K33 - ^31] . ._ii+3i 

C4^ V [2i + l][2i' + l] ) ^""^^ 

|0,l,0,0;(m)) = ^V^'m^ 

' ' ' ' ci V [2/ + i][2/' + i] ; ^ 



1 2 /"Ris-Mk-MV^' 

t [2l + l][2l' + l] ) ^'"'^ 



+31 



1/2 



1 ^2 / [^11 - ^23] [^33 - /31] \ /^N+31 

"caU [2/ + l][2/' + l] ) ^""^^ 



1 2 / [^13-ilin/33-i3l] 

Iv [2/ + l][2/' + l] j ^"^^^ ^' 



+31 



_ 1 2(-i+p-i'-p'-l) [^11 - ^23 - l][/33 - ^31 + 1] ^ 

C2^ V [2/ + l][2/' + l] ) ^"^'^ 

1 2(/+p+/'-p'+l) ( [h3 - hi + 1] [^31 - k3 - 1] \ /_N-11 

C3^ V [2/ + l][2Z'+l] ) ^^^^ 

+ C4^ Iv [2/ + l][2/' + l] ) ^"^'^ ' 



1 /2 

|0,0,0,l;(m)) = \_lq-2ii'+p')( [hi-h3][l33-hi + l] \ 
' ' ' ' ^ ci V [2/ + l][2Z'+l] J 

1/2 



m 1 



_i_^-2a'+p') / [^13 - ^11] [^33 - ^31 + 1] \ / V 

C2^ [2/ + l][2/' + l] ) ^ 



1 

C6 



, 1 2a'-p'+l) ( [^ll-^23]fel-^43-l] \ . X 

^C3^ V [2/ + l][2/' + l] J ^ " 

- ^2{2p-l) / [2] [/l3 - hi + 1] [hi - hs - 1] ^ . x_ii_ii+3i 

6^ I [2/] [2/ + 2] J ^"^^^ 

, 1 ^2(-2/+2p-l) [^11 - ^23 - 2] [hi - I23 ~ 1] ^ ^ / x_ii_ii+3i 
_l52(.+,+2) [^^3- /ll + l] [/ll--/23] \ (^)-ll+31 

C5 V [2/ + l][2/ + 2] J ^ 

1 [2]V^g^(^+^)(g^'+^[Z,3 - hi] - q-''-'[hi - - 1]) n+31 
C6 (g2 + 5-2)([2Z][2Z + 2])^/' 

I 1 2H+P+1) ( Rl3 - - /23 - 1] ^ ^'^ . ,_ii+3i 

, 1 ^-2(/'+p') / fe3 - ^31 + 1] [^31 - ^43] ^ ^'"^ / N-11+31 

+ C8^ Iv [2/'+l][2/' + 2] ) ^"^'^ 

[2]V2g2(-p-+l)(g2r+2[^^^ - - 1] - g-^^'-^[Z33 - ^31]) . .-n+31 

(?2 + 0([2n[2i' + 2])^/' 

1 2(r-p'+l) ( R33 - /31] [/3I - ^43 - 1] ^ ^_^_ii+3i 

cj V [2/'][2/' + l] J ^^^^'^ 

|0,M,0;M) ^ {-V^...( [^^3-Jn.^ 



1 



_ [2]VVng^'+^[/i3-/ii]-g-^'-^[/ii-/23-l]) . . _n+3i 
C6 (g2 + g-2)([2/][2/ + 2])^/' 



, 1 ^2{-/+p) / [^13 - -/23-l] \ ^'"^ . s _ii+31 

^'^'^ \ [2/][2/ + l] ) ^"^'^ 

2{-l'-p'+l) ( - ^■•ii + 1] [^31 ~ ^13] ^ . X -11+31 

1, [2i' + l][2i' + 2] ) ^"^'^ 

[2Y/Y^-P'-^'H<1''^%1 - hs - 1] - q-''-%s - hi]) . . _ii+3i 
{q^ + q-^){[2l'][2l' + 2]f' 



C7 
1 

1 

H — 



I ^ ^2(;'-p'+2) f [hs - hi] [hi - Us - M \ -11+31 
= I [2l + l][2l + 2] ) ' 



, 1 , n2][/n-/23][/i3-/n] \ . .+31 
+ C6^ Iv [2/] [2/ + 2] ' ^""^^ 



■^^-11+31+31 



-11 



1 2 / [^13 - ^11 - 1][^13 - ^ll] ^ 
II 1 n n r ^\ 1^2 n^31-^43][^31-^43 + l] V^' 

= [ [2/^ + l][2/^ + 2] j 

, 1 2 f [2] [^31 - ^43] [^33 - ^31] ^ ^ -11+31+31 

+ C9^ Iv [2/'][2/' + 2] ) ^"^^^ 

, 1 ^2 - ^--1 ~ ^t^-" ~ ^31] . ,_ii+3i+3i 
+ t [2i'][2/' + l] ) ^"^^^^ 

1 -2(2r+2p'+l) ( fe3- ^31 + l][/33-/31 + 2] \ 

V [2/' + 1][2/' + 2] j ^ 

1 2(-2p'+l) n2][/33-^31 + l][^31-^43-l] V^' . 

C9^ Iv [2Z'][2Z' + 2] ) ^"^^^ 

ij_^2(2i'-2p'+l) [^31 - ^43 - 2] [/31 - /43 - 1] ^ 

^cj [ [2l'][2l' + l] ) 

, 1 ^2(-l+p) ( [hi - hs - 1] [^31 - ^43] ^ ^_^_ii_ii+3i+3i 

+ 1 [2/ + l][2/' + l] J ^"^^^ 

1 ^2(i+p+i) ( [hs - hi + 1] [hs - hi] \ ^^'^ ^_^-ii-ii+3i+3i 

V [2/ + l][2i' + l] ) ^^^3 

I 1 «2H+p) { [hi - hs - 1][^33 - ^31] ^ ^^"^ ^_^_ii_ii+3i+3i 

V [2/ + l][2/'+l] ) ^"^^'^ 

IllOl-rml^ - [12/ [^11 - ^23] [/3I - /43] \ . ._ii+31+31 

'^'^'^'^'^""^^ " jcii^ 1, [2/ + l][2/' + l] ) ^"^^'^ 



1 „2 ( [h'i - hi][hi - hi] \ ' / x_ii+3i+3i 
\ [2Z + l][2/' + l] ; ^"^^'^ 



1 2 ( [kl - k^] [^33 - ^3l] ^ ^'"^ ^_^_ii+3i+31 

^cj \ [2/ + l][2/' + l] ) ™ 

, 1 2 ( [^13 - ^ll][^33 - ^3l] ^ ^_^_ii+3i+3i 

I, [2Z + 1][2Z' + 1] ) ^^^^^ 



1 /2 

J_ 2H+p-i'-p'-l) [^11 - ^23 - 1] [^33 - ^31 + 1] ^ . ._ii_ii+3i 
Ci^^ V [2Z + 1][2Z'+1] ) ^"^^'^ 



^ ^2(Z+p+r-p'+l) Rl3 - /ll + 1] [/3I - /43 ~ 1] ^ ^_^_ii_ii+3i 

cj V [2/ + l][2/' + l] J ^"^^'^ 



1 ^2(-i+p+i'-p') [^11 - ^23 - 1] [^31 - ^43 - 1] ^ ' , s_ii_ii+3i 

cj V [2/ + l][2/' + l] ) ^"^^'^ 



_ 1 ^-2(r+p') [^13 - ^11] [^33 - ^31 + A \ / x-ii+31 

C12^ I [2/ + l][2/' + l] ) ^"^''^ 

I ^ 2(r-p'+l) / [^11 ~ ^23] [^31 - ^43 - 1] \ ^^'^ . s -11+31 

+ ci3^ Iv [2i + l][2Z'+l] ) ^"^^'^ 

, 1 2(/'-p'+l) [^13 - ^11] [hi - hs ^_^-ii+3i 

i [2/ + l][2/'+l] ) ^"^''^ 

|l,l,l,l;(m)) = —{my'^-^'+'^+^K 
C15 



